11-09-2018 Solution
Probability Theory 1 MIDTERM Exam Semester I

1. Solution (a): For i = 1,2,..,5, let A; be the event that path ¢ is the only closed path. A;’s
are disjoint events, P(A;) = p*(1 — p), for all 5. Then B = UleAZ- is the event that exactly four
paths are open. Let C' be the event that water flows to the layer of sandstone. P(C|4;) = 1, for
i=1,2,3,4 and P(C|As) =0. Then

P(C|B) = P(If(;)B)
i P(CIA)P(A) _ 4
- XLP(A)

Solution (b): Let D; be the event that path i is open. Then C' = (DsN D3N D1)U(DsNDsNDsy).
Therefore, by independence of D;’s and sum rule, P(C) = 2p3 — p°
P(C|B)P(B)

P(C)
2 %5p*(1—p)

2p3 — pd
4p(1 —p)
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P(B|C) =

O

2. Solution: Polya’s Urn Scheme (with b black balls and r red balls, and adding ¢ balls at each
stage). R; is the event that the i*" draw yields a red ball. Then

_ P(RQﬂRg)
P(Ry|Rs) = “P(Rs)
P(RiNR2NR3)+P(R{NR2NR3)
P(RlﬂRzﬂRg)+P(R§ﬁR2ﬂR3)+P(R1ﬂR;ﬁRg)#»P(R‘fﬁRSﬂRg)

r(r+c)(r+2c)+b(r)(r+c)
r(r+c)(r+2c)+b(r)(r+c)+r(b)(r+c)+b(b+c)(r)

]

3. Solution: Let N be the number of empty poles when r flags of different colours are displayed
randomly on n poles arranged in a row (here r,n € N with » > n). Assume that there is no
limitation on the number of flags on each pole. Let r flags be chosen randomly to be put on randomly
chosen poles. If we follow this procedure, observe that the elementary outcomes have different
probabilities. Let A;; be the event that pole 7 is not chosen for flag k. A; = Nj_; A; . is the event
that pole i is empty. B = (U?_; A;)¢ is the event that no pole is empty. By independence, P(4;) =
[Tiey P(Aix) = (227, Similary P(N,_;A;) = [They P(O,_1 Ai k) = (252)7. Therefore,

= S (n) (45)

0




